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The integration of the exponential of the square of the moment map of the circle action 
is studied by a direct stationary phase computation and by applying the Duistermaat- 
, Heckman formula. Both methods yield two distinct formulas expressing the integral 

, in terms of contributions from the critical set of the square of the moment map. The 



cohomological pairings on the symplectic quotient, including its volume (which was known 
to be a piecewise polynomial), are computed explicitly using the asymptotic behavior of 
the two formulas. 



1. Introduction 



(N 
(N 

:a 

Oh: 

> 
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^ I The formula of Duistermaat-Heckman is an exact stationary phase formula for inte- 

grating the exponential of the moment map. It was put into and proved in the context of 
equivariant cohomology in Q and Q. The formula has been apphed in to the case of 
non-abelian group actions under certain regularity assumptions. More recently, with the idea 
of "non-abehan locahzation" , Witten Q discovered a remarkable integration formula for the 
exponential of the square of the moment map. An infinite dimensional version of this formula 
agrees completely with the partition function of two dimensional quantum Yang-Mills theory 
that can be computed independently by more physical methods From the point of view 
of symplectic geometry, a precise expression of the integral would certainly be interesting and 
may well have significant applications. The purpose of this paper is to study a special case 
of circle actions in detail. 



^e-mail address: sw@shire.math.columbia.edu 
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First of all, let me recall the argument of Witten Q on why such a formula should exist. 
Given a Hamiltonian action of a compact connected Lie group G (with Lie algebra g) on 
a compact connected symplectic manifold (M, uj) of dimension 2n. Let ^: M ^ g* be the 
moment map , satisfying ixa^ = d,^a for a = 1, • • • , m, (m = dimG), where Xa are the vector 
fields on M induced by the elements of a fixed chosen basis of g. The invariant inner product 
on g induces one on its dual g*, both of which are denoted by (•,■). Consider the integral 

vol(G) (27re) 2 Jm n\ 

where I = {fj,, /x) is the square of the moment map. Introducing a Gaussian integration, this 
integral is equal tc0 

The integral over M reminds us of the standard Duistermaat-Heckman formula, except the 
group G could be non-abelian now. Since = uj + icp'^f^a is the equivariant extension of u, 
is (formally) an equivariantly closed form. Here the differential acting on the space of 
equivariant differential forms f^Q{M) = (/?*(M) S'(g*))'^ is d = d — icp^'ixa 0- ^'^^^ 
number t and any A € Qq{M)^ we have 

= I e^-^^^, (1.3) 
M Jm 

because the difference of the two integrands is equivariantly exact. Therefore 



^^'^ vol(G) (2^)- ' Jm ■ ^ ^ ^ 

The right hand side is independent of t. On the other hand, apart from a polynomial in t 
that comes from the expansion of e^*"''^, t appears entirely in a factor e**'^"*-^£t'*'. The methods 
of stationary phase implies that as t ^ 00, the integral ( |l.4| ) is concentrated on the critical 
set of (t)°'ixa^i a subset of g x M satisfying ixa^ = ^i^d <P°'dixa^ = 0. The contribution to 
the integral ( |1.1D from any compact subset of g x M disjoint with the critical set tends to 
zero as t ^ 00. In the symplectic case, pick a positive G-invariant almost complex structure 
J on (M, w) and let A = ^J{dl). Then ixa^ = if and only if A = Q. Therefore apart 
from the (j)-pa.rt, the critical set of (j)"'ixa^ coincides with that of / = (/U, /x). If each connected 



components N of the critical set contributes Z]\[{e) to (IT), then we have 



Z{e)=J2Z,,{e). (1.5) 



N 



We sum over repeated indices of the Lie algebra unless stated otherwise. 
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The precise expression for Z^{e)^ though not yet known in the most general cases, has been 
computed expUcitly if a neighborhood of can be modeled on the cotangent bundle of the 
group G or its homogeneous spaces 

\iG = acts on a symplectic manifold (M, w) in a Hamiltonian fashion, then the moment 
map /u: M ^ M is a Morse function (in the sense of Bott) with many special properties. For 
example, the critical set F of ^ is a symplectic submanifold of M and for any regular value 
^ G M of ;U, the level set ix'^ii^ is a connected submanifold of M These features facilitate 
the computation |Q described above, yielding a precise expression of Zj\f{e). On the other 
hand, since G = S^, the standard technique of abelian localization is available and can 
be applied readily to a more rigorous proof of the formula. What was not expected before 
is that Z]^{e) in is not unambiguously defined. In the first approach, it depends on 

whether t — > +00 or t ^ —00 (although the total contribution doesn't), whereas in the 
second one, the ^-integration for a single component depends on the choice of contour in 
the complex (/>-plane. Consequently, there are two formulas realizing (1.5). 

In Sect. 2, we find explicit forms of ( |1.5| ) for G = using Witten's method Q. The rest 
of the paper is devoted to a more traditional proof and the applications of this result. Most 
of the discussions generalize straightforwardly to the case of torus actions. We leave this and 
the non-abelian case for future investigation. 



2. Stationary Phase Computation 

Let ^: M — > M be a moment map of the Hamiltonian action. The stationary phase 



method reduces the integral (L4) to one on the critical set of . This set is the union of the 
critical set and the zero set of ^. The former is also the fixed-point set F of the S*^ action. We 
assume that F is discrete. Near a point p (z F, we can use the linear coordinates {{qi,Pi),i = 
1, • • • , n} on TpM compatible to to and J, i.e., lj = J27=i dqiAdpi and Jdqi = —dpi, Jdpi = dqi. 
Let Qi = ai{p) (i = 1, • ■ ■ , n) be the (non-zero) weight^ of the isotropic representation of 
on TpM, then the vector field induced by the action is X = Yll=i c-iiQi-^ ~ Pi'£p) ^^'^ 
the moment map is = /xq — | J27=i o-iiq} +Pi)-, up to higher order terms. Assuming /xg 7^ 0, 
a direct computation shows that A = ^Jd/x^ = fioJ2^=i ai{qidpi ~ Pidqi) + and the 
equivariant form appeared in (|1.4D is, again up to higher order terms, 



uj — tdX=u) + icpfi — t (dX — icpixX) 

n 1 " 

= ^(1 - 2noait) dqi A dpi + icpfiQ - - i(j)^ai{l - 2nQait){ql + p'f). (2.1) 

i=l i=l 



'We use the convention Ui € Z. 
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As t — > ±00, the contribution from p & F can be computed by Gaussian approximation Q: 

zvr Jr zvr jR2n ^^-^ 

-/ f[(l -2/ioa,t)% Adpie-['^»-5Er=i««(i-2wa.t){g?+p2)]V2e (2.2) 

12 JR2" , , 



1 1 



(27re)" 



i=l 



If t +00, letfl Sj = i(-sgn/io)aj(l - 2fioait){qf +pj), then 

27r(27re)2^o ni=i «i 



(27r)"-i (-sgn//o)" /""^ ds 



^■ ^r, / 1 s"" e (2.3) 

(n-1)! n?=i«i Jo (27re)5 

If however t — > — oo, let Sj = ^(sgn/io)aj(l — 2fioait){qf +pf), then 

m=ia. {n- 1)1 Jo (2vre)i ' ^ ^ ^ 

Indeed the two cases t +00 and —00 do not yield same results. Particularly important is 

their different asymptotic behavior as e ^ +0. Let 6 = mm{\fi{p)\,p G F}. Since \fio\ ^ S, a 
straightforward calculation shows that^ 

s"-ie 2i — = o(e~27) (2.5) 



(27re)2 



whereas 



°° ds „_i (^-ImoI)^ 



(27re)2 



-s'^-ig 27- 



°° ds («-[moI)^ 



(2vre) 



- e 2£ + o(e 2e ) 



2 



[ 71 — 1 

t 2 



fc=0 



2A; / -'-00 (27re) 



1 2 



Next we study the zero set /x~^(0). Let be the coordinate in the direction and let 
^ be the value of the moment map /i. Then 6, ^ and a (local) coordinate on the quotient 
*We define the function sgn(x) — x/\x\ for x 7^ 0. 

^Here o{e~~) stands for any /(e) such that as e ^ +0, ''■^^ < C', a fixed constant. 
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Mq = iJ.^^(0)/S^ provides a coordinate on a neighborhood of /x~^(0). Since ^ is the conjugate 
variable of 6, the symplectic form uj near /u^^(O) must contain the term d9 A dS,. One should 
be more cautious about the definition of 0. If 5^ acts freely on fj,' -^(0), then //"Ho) ^ Mq 
is a principal S'^-bundle and is in general non-trivial (see Sect. 6). A local section s over an 
open set U C Mq provides a trivialization of the bundle over U and hence the coordinate 
9. For a different section s' related to s by s' = s + 99, where ip is an S'^-valued function 
on U, the corresponding coordinate 6' is related to 6* by a gauge transformation 9' = 6 — if. 
As a consequence, the term d9 A d^ is not gauge invariant. Introducing an 5^-connection on 
the bundle, we have a gauge potential on Mq that transforms as ^ ^ ^' = ^ + dip. Gauge 
invariance modifies the term d9 A dS, to {d9 + A) A d^. Since lo is also a closed form and 
projects down to ujq on Mq, we have, up to an exact 2-form on Mq, 

Lj = {d9 + A) A d^ + ^Fq + LjQ, (2.7) 



where Fq = dA is the curvature. (2^) will be confirmed by Lemma 4.1 using a more rigorous 
argument. 

In a neig hborhood of fi-^{0), X = JdS, = d9 + A and X = i{d9 + A). Hence 

Cj-td\ = {l + t){d9 + A)Ad£, + {l + t)i(l)^ + ojq + ^Fq. (2.8) 
Using the stationary phase approximation, the contribution of /U~^(0) to ( |1.3| ) is 
/ (1 + t)di e*(^+*)*« / e'^o+«^o / d9 + A 

n-l » » n-l-fc rpk 

= 2n / (1 + me e^(^+*)*« / "V A ^ 

^ 7r Jmo (n-l-fc)! fc! 

n-l 1 I + 1 ^fc , 71— 1 — A; rpk 



fc=0 



where 5{(j)) is Dirac's 5-function centered at (p = 0. Again, the limits of t — > +00 and —00 
are different. Consequently 

n-l T ^fe /. ,, n-l-fc j7fc 

A 



Afo (n - 1 - /c)! fc! 



r n — 1 1 



fc=0 



/a/o (n-l-2fc)! (2fc)! 



, ,n-l-2fc rffc 

-.±y e'^ A (2.10) 

Afo (n-l-2fc)! 2fcfc! ^ ^ 
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Here we have used the values i/2fc(0) = {-l)^2^{2k - 1)!!, i/2fc+i(0) = of the Hermite 
polynomial. 



Combining (2^), (2^) and ( 2.10 ), we obtain two realizations of (|1.5|): 



1 1 



to 



e 26 



2-71" (27re)5 Jm n! 
i2nr-' ^ (-sgn/i(p))" 
(n-l)!pt^ nr=iai(p) ^ (27re)^ 



°° „-! _l£±M£)i)i 

s e 26 



(2vr) 



fc=0 
n— 1 



n-l-2A; 




A 



^0 



Mo (n - 1 - 2A:)! 2^^:! 



{n-iy. ^pU7=iaiip) Jo (27re)5 



sgnu(p))" ds (^-Im(p)I)^ 



[^1 
fc=0 



a;, 



n-l-2A; 




A 



Tp2k 
^0 



Mo (n - 1 - 2/;:)! 2''kl' 



(2.11) 



(2.12) 



(2.11) implies that the integral ( p..l| ) is a polynomial in e of degree no more than [^^^] = 
|- dim Afo j pj^g terms which decay not slower than e~27 ((5 = min{|/i(p)|,p G F}) as e ^ +0. 
This coinsides with the result of Witten If fi~^{0) is empty, then the integral over Mq is 
understood to be zero, hence the polynomial part is absent. The novelty here is that there 
are two distinct formulas ( 2.11| ) and ( 2.12 ). Comparing their asymptotic behavior as e ^ +0, 
we get 

(27r)"~^ sgn/u(p) 



, n-l-2k , Tp2k 
OJn A l<n 



Mo 



rr" 



2 ^pm=i<P) 



n-l-2fc 



(2.13) 



In particular, take k = 0, then 



voi(M„) = l(5i£;;5:^^^#,M(pr-'. 



2 (n 



ai(p) 



(2.14) 



The significance of these formulas will be discussed in Sect. 5. 



3. The critical set of moment maps 

Recall that if (M, uj) is a 2n dimensional symplectic manifold on which there is a Hamil- 
tonian action with the moment map ^: M — > M, then the critical set oi I = p?' is the union 
of the critical set of ^ and the zero set of /u. In this section and the next, we study the role 
of these two parts respectively. 
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Assume temporarily that the action has a discrete fixed point set F and the weights of 
the isotropic representation of on the tangent space TpM (p G F) are ai{p),i = 1, • • • ,n. 
The exact stationary phase formula of Duistermaat-Heckman is 

Mn! (#)%^nr=i«.(p)' 

as a formal series in (/> or as a function of (/) G M or C. 



Lemma 3.1. Under the above assumptions 

11 /■ _Z_(27r)"-i^ (-1)" /•°° ds 



J_^_ r ^%-H^_ (2vrr-- ^ (-ir (3 2) 

2vr (27re)5 A/ n! (n - 1)! nr=i "ib) ^ (27re)5 

^ (2vr)"-i ^ 1 s-'e-^^ f 3 3) 

(n-l)!^t^nr=i«.(p)io (2^e)i ' 



Proof. Using the Duistermaat-Heckman formula (3.1 

1 1 /■ tj" 



271" (27re)2 nl 



■ e 26 



27r 7m n! 7k 27r 

= J_ [ ^g-t-^' / i^e^'^'^ [Fubini's theorem] 

27r A 27r A/ n! ^ ^ 

Each summand has a pole at = 0. Therefore its integration over € M is not well defined^. 
Nevertheless, we can deform the contour in the complex plane from M = {Imi;^ = 0} to 
C± = {Imcj) = ±k} by a small number k > without changing the equality of ( |3.4| ), and then 
take the limit k +0. The contribution of each point p G F in (^]^) depends on the choice 
C±, but their sum does not, as long as the same choice is made for each p ^ F. For </> G C±, 
we have 



oo 

ds s""-^ e^^'t" . (3.5) 



(#)" (n - 1)! Jo 

(The sign is chosen such that the integral is convergent.) Hence in the k, +0 limit 



e ^2 



(2vr) 



n-l 



e 2 



+«0A'(P) 



c± 27r (i0)"nr=iai(p) 



Alternatively, (3^) is the Fourier transform of , which is the n-fold integration of that of e s*" 



There is however an ambiguity in the integration constants. 
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^ ^±2vr n?=ia.(p) (n-l)!yo 
(27r)"-i ds 



{n -ly. 117=1 ai{p) Jo (27re)^ 
The lemma follows readily. □ 



-g"-^e^ 2^ . (3.6) 



Proposition 3.2. Let (M^^jCj) be a compact symplectic manifold with a Hamiltonian 
action and fj,: M M, the moment map. Assume that has an isolated fixed-point set F 
and let ai(p), • • • , an{p) be the weights of isotropic representation of 5^ on TpM, p £ F. Then 



1 1 f oj"" 



27r (27re)2 Jm n\ 

(27r)"~i (-sgn/i(p))" ds 



E / -^."-V--^+/(e) (3.7) 



(™-l)!ptF n*'Li«i(lj) (27re)^ 
(27r)"-i ^ (sgn/u(p))" /- ds i (^-l.(rtl)^ 



(™ - ptp nr=i ^0 (2tc)5 



where /(e) is the following polynomial of degree not more than [^^^]: 

^ 2 J k ( \n-l~2k 

[ "-1 ] 

" 2 (n_i_2fc)!2^fc!^|^nr=ia.(i^)'^^'^^ ' ^ ^ ^ 

Proof. Using the residue theorem, for any real number ^ G M, 

dd) e-y'+''t'^ f d(b e-t'^'+^<^« 



c_ 27r (ic/))" 7c+ 27r (i^)" 
= iRes^=o 



^(i</.)2 + (i0)? 



(#)^ 



r ^~ 1 1 



E (n_i_2A;)!2fcA;!^" ' ^^'^^^ 



This, together with (|3.6|), implies 



1 /-^ ds „_i _(£^ (-1)" /-"^ ds 



S e 2e — — / s e 2e 



(n-l)!7o (27re)^ (n-l)!7o (27re)^ 
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E 

fc=0 



(n - 1 - 2A;)!2^/c! 



n-l-2fe 



(3.13) 



Formulas ( |3.7| ) and ( |3.8| ) with /(e) given by ( |3.9D and ( |3.10| ) are the results of four possible 
substitutions of (|1|) into and Finally, ( pi]) is the average of (U) and ( p^ ). 

□ 



and ( p.ll ) are in perfect agreement with ( p. 11 ) and ( 2.12D . However, we have 



yet to show that the coefficients in (3.11) are indeed cohomological numbers of Mq; this will 
be the task of Sect. 4. That (^.91) and (|3.10D are equal is a consequence of the proposition; it 
can also be shown directly from (|3.1D: 



Corollary 3.3. Under the assumptions of this section, we have 



E 



0, 



if /c = 0, 1, • • • , n — 1, 



nr=i«.(p) 



(2 



f^vol(M), ifA; = n. 



(3.14) 



Proof. We expand both sides of ( ^.1| ) as formal series in (i(/>) and compare the coefficients of 



(^0)'="'" for fc = 0, l,---,n. □ 



4. The zero set of moment maps 

We assume that is a regular value of /U. The set /i~^(0) is then a connected compact 
submanifold of M on which the action is locally free. There is a number 6 > such 
that {—6, 5) consists of regular values only. We further assume that we can choose 6 such that 
the (finite) stabilizer subgroup of on /U~^(^) is constant for ^ € (—6,6). The moment 
map 

^^:^-\{-6,6))^{-6,6) (4.1) 

is then a fibration, with fibers diffeomorphic to fi'^{0). There is also an 5^-equivariant 
projection 

r,:^,-\{-S,5))^f^-H0) (4.2) 
defined as follows 0: Choose an S'^-invariant connection of the bundle (4.1), then points on 



each horizontal curve have the same projection under rj. We thus have a diffeomorphism 

(r/,/i):/x-i((-<5,5)) ^/x-i(O) X {-6,6) (4.3) 
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and the induced action on the second component {—S, 5) is trivial p. For each ^ G {—6, 5), 
the restriction of r/ to /U~^(^) is an 5^-equivariant diffeomorphism r]^: /i~^(0). Hence 

the symplectic quotient = iJ,~^{^)/S^ can be identified with Mq = fi-^{0)/S^. 

On the other hand, each level set /^"^(O) C ^ is the total space of a principal 

S*^ //'^-bundle over the quotient M^. Let X be the vector field on M induced by the 5^ 
action, and Y, the horizontal lift of the tangent vector ^ on {—6,6). The 1-form a = — zyu; 
defines a connection of the bundle vr: ^u" -1(e) ^ for each ^ §, since a is S^-invariant 
and ixa = —ixiy^ = iydfJ- = Ly^J- = 1. The integration of a along each S^/i^g-fiber is 
||?^ = Both the canonical symplectic form u>^ and the curvature of vr: /U^i(i^) are 
2-forms on and can be viewed as 2-forms on Mq through the identification of with 
Mq. It can be shown that |^ 

^u;^ = F^. (4.4) 

Since is the curvature of a continuous family of bundles, the cohomology class [F^] G 
H'^{Mq) is a constant. Hence (4.4) implies pl 



N] = N]+Ui^o]. (4.5) 
Lemma 4.1. Under the diffeomorphism (4.3), the symplectic form on ^~^{{—5,6)) is 



uj = a ^di + 'K*uJ^. (4.6) 



Proof. One need to check that the two sides are equal on X, y and the horizontal vector 
fields of the bundle /x~"'^((^) M^. This follows from = d^, iyoJ = —a and the definition 

of UJ(^. □ 

Proposition 4.2. Let M be a compact symplectic manifold of dimension 2n, on which there 
is a Hamiltonian action with the moment map ^u: M ^ M. Assume that is a regular 
value of /X and the stabilizer is a constant (finite) subroup Fq C 5^. Let Mq = fi^^{fi)/S^ 
be the symplectic quotient with the canonically induced symplectic structure lvq. Choose 
a connection of the principal 5*^ //'o-bundle /^"^(O) Mq with the curvature 2-form Fq € 
Q'^{Mq). Then there is a number 6 > Q such that 

r Ti — 1 1 

1- i — e~ 2^ = > e l A — l-ofe~27) f4 7) 

2vr(27re)WM n! l-^^ol^o JMo{n-l-2k)\ l^kl ^ ^ ^ ^ 
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Proof. Since M is compact, 



1 /• w'^ 1 1 /■ o;" _Z 

r / —re = 7, r / — r e 2. + 

7re)2 iM n! 27r (27re)2 ^-i((-5,<5)) rz! 



27r (27re)5 Jm nl 27r (27re)^ 

On the other hand, 



o(e"27). (4.8) 
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□ 



1 



1 



2vr (27re) 
1 1 



27r 



(2vre) 



(a A + 7r*a;f 

2— ii_e 2e 



At-i(0)x(-5,5) 

2 



A I -/-^ (27re)^ 



1 



e 2e 



e 2£ 



n-l 



(n - 1)! 



s (27re)2 
•5 



n-l 



Mo 



(n 



1)1 



1 



^ol 

1 



A I 

1 



E 

/t=0 

[VI 

E 

fc=0 

E(2A:-1)!!6'= 

fc=0 



-s (27rej2 



n-l-2fc 




A 



[using (4.6)] 

[integration along the fibers] 
[using (PD] 



-^0 



Mo{n-l-2k)\ {2k) 



-oo (27re) 



n-l-2fc 




A 



^0 



A/o (n-l-2/c)! (2A;)! 



+ o(e 2.) 



,n-l-2fc 




Mo{n-l-2k)l {2ky. 



A + o(e 2. ) 



[VI 

E^^ 

fc=0 



,n-l-2fc 




A/o (n-l-2A:)! 2^A;! 



A:7rTT + o(e 2.). 



(4.9) 



So, the polynomial coefficients are indeed the cohomological pairings ([cjo]" "'^^^^U[Fo]^'^, [Mq]) 
on Mq. Here we made no assumptions on the critical set of /i. It should also be noted that 
if G = T is a torus group, the above argument remains valid if we replace (^,^) by a multi- 
component coordinate. The polynomial coefficients are pairings of the quotient symplectic 
form with various components of the curvature valued in the Lie algebra of T. 



5. Theorems and Applications 

We know combine the results of the previous two sections. 

Theorem 5.1. Let (M^", w) be a compact symplectic manifold with a Hamiltonian action 
and /x: M — > M, the moment map. Assume that has an isolated fixed-point set F and let 
ai(p), • • • ,an{p) be the weights of isotropic representation of 5^ on TpM, p & F. Assume 
also that is a regular value of /i and the stabilizer of the action on a neighborhood of 
/i^^(O) is of constant type Fq. Let Mq = fi^^{0)/S^ be the symplectic quotient with the 
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canonically induced symplectic structure ujq. Choose a connection of the principal S'^-bundle 
^"^(0) Mq with the curvature 2-form Fq G J?^(Mo). Then 

1 1 



271" (27re) 5 Jm 



e 2e 



n! 



(27r)"^ (-sgn/i(p))" ds 



(n 



(«+Im(p)I)^ 

2e 



1 



fc=0 



, n-l-2fc p2/c 
^0 ^ ^0 



Mo (ra- 1 - 2A;)! 2'^A;! 



(2^)"-i (sgn^(p))" 
(n-l)!„i^nr=i«^(p)^ (2^e)i 



01 



fc=0 



n-l-2fc 




A 



Mo{n-l-2k)\ 2^/c! 



(5.1) 



(5.2) 



Proof. By comparing the terms in (^]^) and ( [4. 7]) that are polynomial in e, we get 



n-l-2fe A Z72A: 




AFo2^ = ^(2vr)"-i;^ 



p6F 



sgn/i(p) 

nr=i«.(p) 



n-l-2fc 



(5.3) 



and that 5 in Proposition 4.2 can be as big as {|/i(p)|,p E -F}. (5J^) and ( |5.2D then follow 
from (|33), ^ and (pi). □ 



This theorem confirms formulas ( 2.11 ) and ( 2.12 ) derived in Sect. 2. Moreover, (5^) is an 
interesting formula about the cohomological numbers of the symplectic quotient Mq. Since 
^ — 1^ is just another moment map for any ^ G M, we have, taking /c = in ( |5.3| ), the following 



Corollary 5.2. Under the assumptions of Theorem 5.1, except that is replaced by any 
regular value ^ G M, the Liouville volume of the symplectic quotient = ^x^"^ / S"^ is 



|A| (27r)"-i V- sgn(^(p) -0, , , 



\n-l 



(5.4) 



□ 



It was known that vol(Afg) is a piecewise polynomial in ^ |^]. ( [5.4[ ) provides an explicit 
formula, which seems not to have been obtained by other methods. Part of Corollary 3.3 



(when k < n) follows from lim vol(M^) = by collecting the coefficients of ^ in (5.4) 

^— >oo 

Positivity of vol(Mg) when ^ is finite may impose additional constraints on ai{p) and /u(p). 
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In the other extreme, if dimM^ is a multiple of 4, i.e., 2(n — 1) = 4m for m € N, then 
taking k = m in ( p.3\ ), we have 

F^.2m _\r^ sgn(Mp)-0 

Let ci(-F^) be the first Chern class of the circle bundle, then the left hand side is the pairing 
(ci(-F^)^™, [Mg]). Topological invariance is confirmed since the right hand side is a piecewise 
constant function, which jumps only at points where topological type of or that of the 
circle bundle changes. As a corollary, the right hand side is an integer for any regular value 
^. (That it is rational is obvious.) It remains open whether (^]^) and ( |5.2D have other 
applications to symplectic geometry. 

So far, except in Sect. 4, we assumed that the fixed-point set F is discrete. If there are 
connected components of F of dimensions higher than zero, then each such component 
is a symplectic submanifold with the pull-back symplectic structure ujjy. The moment map 
has a constant value on A^, denoted by /u(A^). The Duistermaat-Heckman formula should be 
modified to |5| 



Here the second sum is over the connected components N C F of dimA^ > and cgi^viy) is 
the equivariant Euler class of the normal bundle z^at of A^. Let = n — ^ dim A^ and ai{N) 
(i = 1, • ■ ■ , riTv) be the weights of the action on the fibers of u^. Then p 

^dimAf 

where Pki^) ^-re 2A;-forms on A^ explicable in terms of the S^-invariant curvature F/v of z^at, 
and Po{N) = 1. Therefore 



Jn esA^N) \Ai=iai[N) [i4))k Jj^[n-k)\ 



We are thus in a position analogous to (|3.4| ). Using (|3.5| ) and after computations similar to 
those in Sect. 3, we have 

Theorem 5.3. If the fixed-point set F contains connected components A^ of dimA^ > 0, 
then under the above notations, formula ( |5.l| ) (and ( |5.2| ) respectively) shall be modified by 
adding 

(2^)"^-^ .oo n (^sgnM(iV))fe r (m.^'A ,-^^^4^ 

(5.9) 
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□ 



The terms that modify (5^) are exponentially small as e ^ +0. We can also generalize (5.4) 
by adding an extra piecewise polynomial 

\r^\ (27r)"^-i " f uj^-^ 



2{n 



fT^i:^iy^E /,(;r^AA-»»W=S"MA')-«MA')-f)'=-'. (5.10) 



It is in general discontinuous at = ^{N) if is of codimension 2 in M. 



6. Examples 



We begin with the example considered by Witten Q. Let M = S'^ with the standard 
symplectic form uj = dipAdcosO in the spherical coordinates {6,ip), (O<0<7r, 0<^/^< 2tt). 
The group acts on M as rotations with the fixed points N (6 = 0) and S {9 = tt). This 
action is Hamiltonian and the moment map is fi = cos 6. For ^ € M, the level set fJ-^^iS.) is 
empty if |^| > 1 and is a circle 6 = cos~^ ^ if |^| < 1. The symplectic quotient = fi^^{^)/S^ 
is therefore 

a point, if |^| < 1, 

0, if lei > 1. 

The formula ( |5.1| ) for the moment map /U — ^ reduces to (after the integration over Tp and a 
change of variable cos 6 = s on the left hand side) Q 

"1 ds 



(6.1) 



X 



.(£-er 



1 (27re)2 

TOO ds 

Jo 
Jo 



(27re)2 
oo ds 



-T- e 

_(£-l + «)f 

T" e 2e 



rc 
JO 



ds _(£±i±ir 



JO 



(27re)5 
rf^ _(£±l±i)j 



(27re)3 



Formula (^3) reduces to 



T" e 2e 



vol(M^) 



(27r£)2 

e 26 

(27re)^ 



1, ifiei<i, 

0, if|CI>i; 



if-l<e < 1, 

ife>i, 

if ^ < -1. 



(6.2) 



(6.3) 



this is clearly consistent with (6.1 



Next, consider the product M = S'^xS^ with the diagonally induced action. Under two 
spherical coordinates {6i,tpi, ^2, "02), the symplectic form is a; = dipi A dcos 9i + dip2 A dcos 62 
and the moment map is /i = cos^i + cos02- The critical points of /i is {N, N), {N, S), {S, N), 
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{S,S), on which fj, takes values 2, 0, 0, —2 respectively. The level set fJ-'^i^) is empty if 
1^1 > 2; if < 1^1 < 2, it is diffeomorphic to S"^ for the following reason. For < ^ < 2, 
can be mapped onto = {{zi,Z2) S C^, [zip + |z2p = 1} by 



Zk 



1 — cos 9k V 
2-C 



1,2). 



(6.4) 



acts on freely by changing a common phase of zi and 22. The symplectic quotient is 
the standard Hopf fibration Ai^HC) = ^ Afg = S^. The case — 2 < ^ < is identical. 
Formula (^^) yields 

' 0, if lei > 2, 

27r(2-|e|), if|el<2. 



vol(M^) 



(6.5) 



Though the Hopf fibration is non-trivial, the volume of Mg, if non- vanishing, is the only 
term in (5J.) that does not fall as o(e~2?) when e — > +0. This is a feature of all symplectic 
4-manifolds admitting Hamiltonian actions. 

Consider now the n-fold product M = 5^ x • • • x 5^(n copies) = {{Ok,ipk), k = 1, ■ ■ ■ ,n}. 
Again, acts diagonally by the rotation on each component. The fixed points are (xi, • ■ ■ , x„) 
G M with Xk = N or S. The moment map fi = J2k=i has critical value n — 2p at 

(xi, • • • , Xn) if there are p x^'s equal to S. Formulas (5^) and (|5.5|) now reduce to 



vo. 



2 (n 

and (if n — 1 = 2m, m G N) 



p=0 




sgn(n — 2p — ,^)(n — 2p — ^) 



n-l 



(6.6) 



M5 27r' 



p=0 




sgn(n — 2p — ^). 



(6.7) 



If n — 2 < 1^1 < n, the same trick of (|6.4| ) shows that ^J-~^{£,) = S*^"^^, and its quotient onto 
= CP"'^^ is a (generalized) Hopf fibration. We have vol(M^) = ^"^n-iy. ~ l^l)"""*^ ^'^'^ 
if dimM^ = 4m, J^^ (ff ~ 1- Alternatively, cohomological dual of [M^] is the top wedge 
product of the first Chern class [2^:] of the tautological bundle, hence the last equality. Since 
vol(M) = (47r)", the equalities (|3l|) are 




0, if < A; < n 
2"n!, ii k = n. 



(6.8) 



They are consequences of the well-known identities 




0, if < A; < n 

(-l)"n!, ifA: = n. 



(6.9) 
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Finally, we study the integration (LI) symplectic 4-manifolds (i.e., n = 2) with a 
Hamiltonian action. Proposition 4.2 implies that the polynomial part is ib|-|tjVol(Mo), where 
Mq = fj,~^{0)/S^ is the (two dimensional) quotient. The rest consists of contributions from 
critical points p £ F and critical surfaces N C F. The former can be obtained by Theorem 
5.1. Each critical surface has dimA^ = 2, hence tln = 1. The Morse index (in the sense of 
Bott) of N, being even, may only be or 2. So the moment map is either locally maximal 
or minimal on A^, in which case the weight of the action ai{N) is positive or negative 
respectively. The complexification of its normal bundle has the form z/^ = Z^v © ^atj where In 
is a complex line bundle over N. Let Fn be the curvature of an S^-invariant connection on 
In, then = f|(l - ^Fn), so /3o(iV) = 1, Pi{N) = -Fn. To summarize, 

1 1 /■ _Mi ^ V- 1 f°° ds 
27r(27re)WAf 2 ^ ai(p)a2(p) io (27re)^ 

1 f°° ds , „ . ^ X _(£±MiV)|)2 1 



1 f°° ds , ,,,, ,,,,, „ /NX (''±Ia'(^)I) , 1 ,.,,N 

+ E / : :t (Tsgn//(iV)vol(iV) - 27TCiiuN) s) e 2i ± vol Mq , 

(6.10) 



where ci^vn) = ([§-], [A^]) G ^ is the first Chern number of In- (|5.4D, modified by ( 5.1[1| ), 
yields 

vol(M^) = vr|r^| ^ ^ \fiip) - 

+ E — ^(^sgn(MA^)-e)vol(Ar)-vrci(z.^)|MiV)-C|). (6.11) 
^^ai(Ar)^2 

This is a relation about, among other things, the volume (or more precisely, the area) of the 
quotient and those of the critical surfaces. Since = as ^ — > oo, collecting the coefficients 
of the linear and constant terms in ( |6.11 ), we get 

V ^ ^ V ^^(^^^ (P, ^9) 

and 

E , , + E -4mC-^ - ^i(^)MA^)) = (6.13) 



respectively. These are the actually formula ( 3.14 ) {k = 0,1) modified by the presence of 
critical surfaces. 

It was known that if the action of is semi-freeQ and if all the fixed points are isolated, 
then there are at least four [^. This result also follows immediately from ( |6.12| ), since 
''An action is semi- free if it is free outside the fixed set. 
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(^i{p) = ai{p)a2{p) = 1 if /i is extremal at p. A typical example is the 4-manifold 

5^ X S'^ considered above. If there are only two critical values, the maximum and the minimum 
can be reached both on a surface of the same topological type, or one is reached on an isolated 
fixed point, the other, on a sphere [^. An example of the latter case is 

CP2 = {[x,y,z]} with 

the standard Kahler form. The action of = U{1) is i— > [x,y,tz] = [t~^x,t~^y, z] 

I 1 2 

for t S U{1). The moment map is fi{[x,y,z]) = ^ |3.p_|_|^p_|_|^p Q. It reaches maximum at 
the point p = [0,0,1] with ij{p) = | and ai{p)a2{p) = —1, and minimum at the sphere 
N = {[x,y,0]} with fi{N) = and ai{N) = -1. ( |6l^ ) and can be used to solve 

ci(i^Ar) = —1 and vol(iV) = vr. Consequently, 

v„,(M,) = , (6.14) 

^ [ 0, if e < or e > i 

It would be interesting to explore possible relations between these formulas and the classifi- 
cation of symplectic 4-manifolds with a Hamiltonian action |P] . 
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